Chapter 4 Finite Elements

In the previous chapter an approach to solving differential equations
using approximate integral methods was described. This scheme involved
the selection of trial functions that must satisfy certain requirements for
completeness. We will now demonstrate how the finite element method of
specifying these trial functions leads to a flexible and computationally
efficient numerical scheme.

4.1 The Finite Element Concept

In the finite element method the basis functions adopted are polynomials
which are piecewise continuous over subdomains called finite elements.
Nodes are located along the boundaries of each subdomain and each basis
function is identified with a specific node. Depending on the forms of the
bases, certain of their derivatives may also be continuous across element
boundaries.

4.2 Linear Basis Functions

The basic features of the finite element concept can be easily visualized
using the information illustrated in Fig. 4.1. Let the closed interval
X; < x < x5 represent the domain of interest and let this interval be sub-
divided by nodes into four subintervals or elements. The function u(x) can be
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represented approximately by the piecewise linear function ii(x) which is
defined by a series of the form

u=ir= Y u;$,x) (4.1)

where, for the linear scheme of Figs. 4.1 and 4.2 with five nodes, N = 5. The
form of the functions ¢;(x), which are in fact the basis functions for this
one-dimensional example, can be established by imposing appropriate con-
ditions on (x).
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Fig. 4.1. One-dimensional finite element in global coordinates.

4.2.1 Linear Basis Functions in Global Coordinates

Let the interpolating polynomial #(x) be represented within each element
by the general linear polynomial

i(x) =a + bx 4.2)
To solve for the two constants a and b, it is only necessary to require that

i(x;) = u; and o(x;, ;) = u;,;, where x; and x;, ; define the end points of the
element. These constraints, in combination with (4.2), yield the matrix

equation
u; 1 x; ||a
”i+1: 3 [1 xi+1] b
which can be solved for the coefficients
a| _ 1 [ Xit1 _xiJ U; >
bl xu1—%| =1 1| |uisq
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The function #(x) may now be written for any element as

i

&

Xiv1 Ui — Xilli4q 4 Uipy — U
Xiv1 — X Xit1 — X
After rearrangement to obtain a form analogous to (4.1) this expression
becomes

Xiy1 — X Xiy1 — X

Al u(u) Y u(_XL) (43)

Comparison of (4.3) and (4.1) demonstrates that the basis functions over the
element are defined by

$i= (X1 — X)(Xie1— %) Dip1= [ — ) HXps0 — %)

ELEME‘NT l 3 gy In the formulation of these expressions for ¢, only one element has been
[ e considered. Thus there are two basis functions that have nonzero compon-
s GLM ents over each element of this example. The linear ¢ basis function is often
o called the chapeau function because it is hat-shaped when defined for a given
o} —b o X IR node, i.e.,
| 2 3 4 5 X
(b) ilx) = (¢ — x;— 1)/ 0x;i — xi-4) (-1 < x < x;) (4.4)
(rpq — XWoty41 — %) (i < x < xi44

Note that basis function ¢;(x) has a value of unity at node i but goes to zero

: a s at all other nodes.
& It should also be apparent at this point that the basis function ¢; has a
Qb > | component in each of two elements as illustrated in Fig. 4.2b. Basis func-
\\\I tions, therefore, can be defined either by reference to the appropriate node or
A 1 € by reference to the element and the location within the element. For exam-
R ple, in element e, the two nonzero ¢ components may be denoted for the

present case by

(c)

bilxis1 = x 2 %) = @i(x) = (xi4y — X)/Xie1 — X))
Piv1(Xiv1 = x = x) = @5(x) = (x — x,)/(Xi 41 — x;)

where the superscript e designates element number. Thus an equivalent
statement of Eq. (4.1) is

n .

1ujfwf-(x) (4.5)

i- 3

e=1 j=

e —

where E is the number of elements (four in the present example), and n the

Fig. 4.2 i i i i i i i i
ig. 4.2. The approximate function and corresponding coordinate functions. number of nonzero basis functions per element (two in the present example).
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4.2.2 Linear Basis Functions in Local Coordinates

The basis functions are nearly always considered over one element at a
time in practical application. Consequently, it is convenient to introduce a
local coordinate system for each element to simplify integration. This is
particularly true in the more complex element formulations where numerical
integration is necessary. Linear basis functions defined in a local coordinate
system are illustrated in Fig. 4.2c. Each element is defined such that ¢, the
local coordinate, lies between —1 and 1. To distinguish basis functions
defined in the local coordinate system from the basis functions in the global
system, they are designated by Qf. Thus, for the present case, the expression
for &t over element e in local coordinates would be

ui Qf + u5Qf (4.6)

The appropriate expressions for the local basis functions are obtained as
in the global coordinate system. A linear interpolation across the element is
assumed, 1.e.,

i

Il

() = a + b¢ 4.7)

and the constraints are imposed such that #i(— 1) = u$ and #(1) = u5. Solu-
tion of this equation for the constants a and b yields

al _1[ 1 1|fuj
b_2-11u;}

b= 3(u5 — uj)

or
a = 3(uf + uj),

Substitution of these expressions back into (4.7) and rearrangement yields
(€)= ui[5(1 — &)] + us[3(1 + )]

Comparison with Eq. (4.6) indicates that the linear basis functions in local
coordinates are

Qf=41-8, Q=41+¢

4.2.3  Transformation Functions

To integrate the basis functions in the local coordinate system, it is
necessary to develop a means of transforming from global to local coordi-
nates. The required transformation functions are obtained in a manner analo-
gous to the development of the basis functions. In many cases, in fact, the
basis and transformation functions are identical.
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The development and application of coordinate functions will be pre-
sented through an example problem. Consider the one-dimensional finite
element of Fig. 4.2d. In both the local and global coordinate systems, values
of x and ¢ will increase in direct proportion to the distance along the axes.
Thus the transformation function will be of the form

X=a+ bt (4.8)

In addition, there must be a one-to-one correspondence between the node
locations in x and in £. These constraints give rise to a set of equations
analogous to those developed earlier for linear bases:

i

Solution of (4.9) and substitution of the resulting values of a and b into (4.8)
yields

a
b

F g
X1

(4.9)

e
X2

=40+ ) + 40 —xp)e 7r L AG
which can be rearranged to give 49 - 2 Lalo, -
QX [
x = x§[3(1 — &) + x5[3(1 + £)] (4.10)

It is apparent from (4.10) that the functions required for transformation
from the global to the local coordinate system are indeed the basis functions
defined earlier. Moreover, Eq. (4.10) can be written over an element as

While there is little, if any, conservation of effort in utilizing local coor-
dinates in one dimension, a simple problem will be considered to demon-
strate the general procedure involved in utilizing the transformation
functions, and formulating the finite element solution procedure.

Example Consider the following equations and the finite element net of
Fig. 4.2d:

Lu = d*u(x)/dx* =3
with boundary conditions #(0) = 1 and du(3)/dx = 0.

Step 1 Formulate the approximate integral equations using the Galer-
kin method. From Chapter 3, we have

Li—f ¢x)y =0  (i=123)
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where, in this example, f = 2. Substitution of the governing differential equa-
tion yields
I(d*d/dx? — 3), ¢i(x)> =0 (i=1,2:3)
Application of integration by parts gives
du dd) oo
i -3, 0> + d) =0 (=123 (411)

x=0

Step 2 Select basis functions for substitution into (4.11). Because the
problem will be solved using linear bases, the appropriate expression for # in
terms of these bases is

3

u(x) = Z u;¢;(x) (4.12)

j=1

Substitution of (4.12) into (4.11) yields
> [de; dg;
Z“j<jxj’ >+< ¢>—”¢

j=1

x=3
=0 (i=1,273)

=0

Step 3 Formulate the system of algebraic equations. This is accom-

plished by writing in matrix form the equations generated successively by
setting i to 1, 2, and 3:

(<d¢1 dg,\ /dg, dd) ; |

dx  dx e “

<@ dg,\ /do, do, d¢>3 dg, <
dx ° dx dx ’ S “2

0 do, d¢3 dp; dos )
dx’ dx ° dx ] :

_<3’ ¢1>+ ¢1

d" x=3
—{=G.> + b | (@.13)

.
~ 3. 95> + - 65
X

x=0

Because d¢, /dx and d¢,/dx are never both nonzero in any part of the
solution domain, zeros appear in the lower left and upper right corners of
the coefficient matrix.
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Step 4 Apply the boundary conditions. Because of the way the basis
functions are defined, u; = u (x = 0). Thus, to apply the condition that
u(0) = 1, it is only necessary to delete the first row of Eq. (4.13) and replace it
with the boundary condition. This is done by putting 1 in the first column,
zeros in column two and three, and 1 in the top row of the right-hand side
vector. Note that the term in the second row of the right-side vector
¢ di/dx[3Z3 will also be zero because ¢, = 0 at x = 0 and x = 3. For this
problem, the term in the third row of the right-side vector, ¢5 dii/dx|<=3
will also be zero because ¢; = 0 at x = 0 and, by the boundary condition,
di/dx = 0 at x = 3. Thus Eq. (4.13) becomes

[ T

| 0 0 u, 1
A, dby\ Jdb; dg;\ [dgs db, i
<dx’dx> <“d;’ d> <dd> e 3922 (414)
dg, dbs\ /dbs dd,
Errt (3 dx> (&) e

Note that although the coefficient matrix in (4.13) was symmetric, the
coefficient matrix in (4.14) is nonsymmetric. Because great savings in com-
puter storage can be achieved when the coefficient matrix is symmetric, it is
advantageous to further rearrange (4.14) to a symmetric form. Because u, is
known to be unity from the boundary condition, the coefficients for u, in the
second and third rows can be moved to the right side of the matrix equation
and replaced by a zero. Thus (4.14) becomes

| 0 0 Uy "_1 _______________________ :
[ dp, dg,\ /gy d, i ~/dé, @z> |
°<d‘a> <TJ§”E> w | o S <d i)}
| /A, dpy\ /dpy do, X |
v <71?’ dx> <dx dx> it b |

Because u, has now been completely uncoupled from the matrix problem, it
is possible to condense the first row and first column out of the matrix and to
solve the resulting 2 x 2 symmetric matrix problem enclosed in the dashed
box.

Step 5 Transform the integrals to local coordinates and evaluaFe them
element by element. Some of the terms in (4.15) will be nonzero in both
elements and therefore must be integrated over both elements. Thus (4.15)
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aqs  do 1+ dOFNd0: 2 | /dOs A5\ 2
dx ° dx dx ° dx d sl

Q5 dQs\ 2 ags aas e
dx ’ dx dx * dx i

e e 1
e o S 0 L
dx dx

becomes

(4.16)
=3, 0

where <{a, b)° denotes the integration of the product ab over element e. Now
perform the integrations over element 1. The term dQ Jdx, dQS Jdx>! is
easily evaluated after being rewritten in & coordinates:

<dQ‘§ dQ§> _’ LdQs dQZ ok .~1 dQS d& dQS dé dx

S e s b 4.17
dx dx 1 d& dx dE dx dﬁf S it

Because Q5 = 3(1 + £), it is readily seen that dQS/dE = 4. Derivatives of the
form dx/d¢ for element 1 can easily be obtained from Eq. (4.10):

x = xi[3(1 = O] + x3[3(1 + ¢)]

dx ’ dx

Therefore
dx/d = 3(x; — x{) =H1-0) =}
Substitution back into (4.17) yields

QS Jdx, dQS Jdx ! = | % BR)MLdE =1 (4.18a)
The other required integrals over element 1 are also easily obtained:
3,0 = ’ 3[2 (1+ 8B ae=3 (4.18b)
dQs /dx Qs /dx>1 - | —12KQ) dé = (4.18¢)
Substitution of (4.18) back into (4.16) y1elds
Qs dQs Qs dQs ’
aE T Vi = 3 eN2 1
+<dx’dx> <dx’dx R R
a0 A2 dQE  dOEN 2 2 s
<dx 3 dx> <dx T dx 43 S

(4.19)
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The next step is to perform the integrations over element 2. For this
element

x = xi[3(1 = O] + x3[3(1 + &)]
and the transformation function is
dx/de = 33 = x}) =30~ 1) = 1
Thus the integrals in (4.19) take the form
<dQ"‘1 dQe> ' 1 dQg dE dQS dE dx

dx ’ _i dE dx dé dx d{
L 1 1 1
- (—5)(1)(—2)(1)(1)& -3 (4.20a)
dQj dQ3\* _ ' dQfdidQsdEdx i
<dx’ dx> - l_l dé dx dé dx d&
1 | P
= j_l (—5)(1)(5)(1)(1)% iy (4.20b)
Qg dg\* ! a0 d¢ dQs e dx |
<dx X dx> N '_1 dé dx dé dx d¢
| LAY o i
= j_l (5)(1)(5)(1)(1)415 =3 (4.20¢)
€3, 5" _‘ 3Qe dx/d¢ dE = ‘ 3[L(1 — &)J(1) dE =3 (4.20d)
(3, Q8 >2—| 398 dx/d¢ dé—’ 3[L(1 + &E)](1) dE =3 (4.20e)

Substitution of the relations in (4.20) back into matrix equation (4.19)

yields
sefl
o 1
2

which has the solution u, = —6.5, u3 = —12.5. It can be easily shown that
the analytic solution to this problem is u = 3x* — 9x + 1 and that the solu-
tions obtained for u, and u; (as well as for u,) are exact. The anglytlc
solution is a quadratic function of x while in this example, the approximate
solution was assumed to be piecewise linear. Therefore, if values of u are
obtained by evaluating &t = ) }_, u;¢; at various locations on the x axis,
there will be some error between the nodes.
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